
Intro to probabilistic DL models
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Beate Sick

CPD model          



What is a probabilistic model?
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Simple regression via a NN: no probabilistic model in mind

4

Systolic blood pressure

Output yInput x

One input x (age)  one predicted outcome (sbp)

35x 

age

ˆsbp 117a b



Traditional versus probabilistic regression DL models
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Binary classification: no probabilistic model in mind
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One input x  one predicted outcome

8.5x  fakea b

Fake or real?

Quantify transparency



Traditional versus probabilistic classification DL models
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Prob. DL
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X=8.5

Det. DL
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deterministic



Why is it important to know about probabilities?
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Practical reasons: 

We often want to optimize expected costs which requires CPD for computing.

Philosophical reasons: 

“It is scientific to say what is more likely and what is less likely...”
Richard Feynman



Probabilistic travel time prediction
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You’ll get 500$ 
tip if I arrive at 
MOMA within 
25 minutes!

Let’s use my 
probabilistic travel 

time gadget!

Chance to get tip: 69% 

Chance to get tip: 93% 

Which way would you take?



How to fit a probabilistic model?
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How to train a NN to output the parameter of a CPD?

 use the beautiful maximum likelihood principle

Maximum likelihood:
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How to get the variance which is assumed to be constant?

The constant variance drops out in the MSE optimization. There are 
two ways to get it after the fitting. Then 𝜇𝑥𝑖 are the predicted 

means.

• From residuals after fitting, it’s. 

ො𝜎 =
1

𝑛 − 2
෍ 𝑦𝑖 − 𝜇𝑥𝑖

2

• By optimizing the variance 𝜎 in the NLL 
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Fit a probabilistic regression with non-constant variance
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Minimize the negative 

log-likelihood (NLL):

gradient descent with NLL loss

ˆ
aw ˆ

bw

2out

1= out  

i

i

i

i

x

x

e

m



ˆ
cw ˆ

dw

𝜇𝑥 ± 2 ⋅ 𝜎𝑥

2~ N( , )   
iiX xxY m

ෝ𝑤 = 𝑎𝑟𝑔𝑚𝑖𝑛 ෍

𝑖=1

𝑛

− log
1

2𝜋𝜎𝑥𝑖
2

+
𝑦𝑖 − 𝜇𝑥𝑖

2

2𝜎𝑥𝑖
2



Modelling the standard deviation (positive values)

• The variance or standard deviation are both positive 

• Neural networks output is not constrained.

• Two common approaches to fix this (exp or softplus)
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Fit a probabilistic regression with flexible non-constant variance
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Minimize the negative 

log-likelihood (NLL):

gradient descent with NLL loss
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Note: we do not need to know the “ground truth for s” – the likelihood does the job!
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How to evaluate 

a probabilistic prediction model?
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Check prediction quality on NEW data
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Train-data(50%) Test-data(25%)Validation-data(25%) 

Nils Bohr, physics Nobel price 1922

Common data split:



Visually: Do predicted and observed outcome distribution match?
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Validation data along with predicted
outcome distribution (Gauss with const )

Validation data along with predicted
and observed outcome distribution

A large validation data set  is needed to ensure underlying assumption: 
observed distribution = data generating distribution



Simulate some challenging data for linear regression models 

19

Model_1 (linear regression with constant variance): 
2( | ) ~ ( , )xy x N m 

Model_2 (linear regression with flexible variance): 2( | ) ~ ( , )x xy x N m 



Predicted outcome distribution from model_1 (constant )
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Root mean square error (RMSE) or mean absolute error (MAE)
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RMSE and MAE alone do not capture performance for probabilistic models!

Both only depend on the mean (m of the CPD, but not on it’s shape or spread () and are not 
appropriate to evaluate the quality of the predicted distribution of a probabilistic model.
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https://journals.ametsoc.org/doi/full/10.1175/WAF966.1

https://journals.ametsoc.org/doi/full/10.1175/WAF966.1


Scores to evaluate probabilistic prediction models

• We need validation data: (𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙)

• We need predicted outcome distribution, given 𝑥:  𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥

• The score S takes one instance and yields 
a real number (smaller is better)
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𝑆(𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙)

Example 1: NLL (aka log-score, ignorance):

𝑆𝑁𝐿𝐿 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙 = −log(𝑝𝑝𝑟𝑒𝑑 𝑦𝑣𝑎𝑙 𝑥𝑣𝑎𝑙 )

Example 2: weighted MSE:

𝑆𝑤𝑀𝑆𝐸 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙 = ∫ 𝑦𝑣𝑎𝑙 − 𝑦 2 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 dy



Empirical loss as average score

• If we use a validation set with n instances (𝑥𝑣𝑎𝑙𝑖 , 𝑦𝑣𝑎𝑙𝑖) to evaluate 

the model, the average score is used as empirical loss:
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• The empirical loss approximates the expected loss:

𝑝𝑝𝑟𝑒𝑑 : predicted distribution

𝑝𝑡𝑟𝑢𝑒 : data generating distribution



Local scores

A score is local if the predicted distribution is evaluated only at the actual 

observed outcome of the validation data
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𝑆 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙 = 𝑆 𝑝𝑝𝑟𝑒𝑑 𝑦𝑣𝑎𝑙 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙

Example 1: NLL (aka log-score, ignorance):

𝑆𝑁𝐿𝐿 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙 = −log(𝑝𝑝𝑟𝑒𝑑 𝑦𝑣𝑎𝑙 𝑥𝑣𝑎𝑙 )

Example 2: linear score

𝑆𝑁𝐿 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥𝑣𝑎𝑙 , 𝑦𝑣𝑎𝑙 = −𝑝𝑝𝑟𝑒𝑑 𝑦𝑣𝑎𝑙 𝑥𝑣𝑎𝑙



Proper Scores

The expected value of a proper score takes its minimal (optimal) value, if

predicted distribution 𝑝𝑝𝑟𝑒𝑑 = 𝑝𝑡𝑟𝑢𝑒 data generating distribution

26

The expected value of a strictly proper score takes its minimal value, only if

predicted distribution 𝑝𝑝𝑟𝑒𝑑 = 𝑝𝑡𝑟𝑢𝑒 data generating distribution

For a proper score holds: 

The score with true cdf The score with predicted cdf

∫ ∫ 𝑆 𝑝𝑡𝑟𝑢𝑒 𝑦 𝑥′ , 𝑦′ 𝑝𝑡𝑟𝑢𝑒 𝑦′, 𝑥′ 𝑑𝑦′𝑑𝑥′ < ∫ ∫ 𝑆 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥′ , 𝑦′ 𝑝𝑡𝑟𝑢𝑒 𝑦′, 𝑥′ 𝑑𝑦′𝑑𝑥′ if 𝑝𝑝𝑟𝑒𝑑 ≠ 𝑝𝑡𝑟𝑢𝑒



The log-score is strictly proper
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Proof that NLL is strictly proper

To show: ∫ ∫ 𝑆 𝑝𝑝𝑟𝑒𝑑 𝑦 𝑥′ , 𝑦′ 𝑝𝑡𝑟𝑢𝑒 𝑦′, 𝑥′ 𝑑𝑦′𝑑𝑥′>∫ ∫ 𝑆 𝑝𝑡𝑟𝑢𝑒 𝑦 𝑥′ , 𝑦′ 𝑝𝑡𝑟𝑢𝑒 𝑦′, 𝑥′ 𝑑𝑦′𝑑𝑥′



The linear score is not proper
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The linear score is not proper, meaning 𝑝𝑡𝑟𝑢𝑒 does not yield the best expected score.

 lin ( | ), ( | )val val val valS p y x y p y x 

 
true pred

( ) ( | '), ' ( ', ') ' '

                  ( ' | ') ( ', ') ' '

p p true true

y

true true

y

E S S p y x y p y x dx dy

p y x p y x dx dy

 

  





If 𝑝𝑡𝑟𝑢𝑒 is not constant, then there is a  ෤𝑦
higher than mean probability:

true true
( | ') ( )true p pp x E Sy 

pred

1 '
( | ') kernelp

y
y

y
x

 

 
   

 

true true rpred t uep trure ed( ) ( ' | ') ( ', ') ' ' ( | ') ( )p true p p

y

pE S y x p y x dx dy p Ey x Sp     

Construct  𝑝𝑝𝑟𝑒𝑑 that scores better than 𝑝𝑡𝑟𝑢𝑒:  
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The uniqueness of the log-score

It is provable that the log-score is the only smooth, proper and local 

score for continuous variables 

(Bernardo, J. M., 1979: Expected information as expected utility. Ann. Stat., 7, 686–690) 
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Prominent Scores for binary classifiers

Strictly proper:

Strictly proper:

Not proper:

Remark: For binary classification, the log score 
is not the only strictly proper score.



NLL as general cure-all in probabilistic modeling

• Maximize likelihood ↔ minimize negative log-likelihood (NLL) 

• The log-score (NLL) is strictly proper score for regression.

• The log-score (NLL) is also strictly proper for classification models.

• To train a probabilistic model: minimize NLL! 

• To evaluate or compare probabilistic models: use the validation NLL! 
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Use validation NLL to compare probabilistic models
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Model_1 (linear regression with constant variance): 
2( | ) ~ ( , )xy x N m 

Model_2 (linear regression with flexible variance): 

2( | ) ~ ( , )x xy x N m 
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How to develop a highly performant

probabilistic model for count data?
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Probabilistic models for count data
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Data on deer related car accidents in the years 2002 until 2011 in Bavaria, Germany. 
Target variable (wild): use number of deers killed during 30 minute period as surrogate

Goal: Probabilistic model for deer activity conditioned on the time (in day and year). 



Modeling count data
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Marginal distribution of deer killed in 30min

Goal: 
Predict CPD for y=#deers-killed-in-30min, given x (time and derived variables).

1 2 3 1 2 3 1 2 3

( | ) ~ Pois( )

( | ) ~ ZIP( , )

( | ) ~ discretizedLogisticMix( , , , , , , , )

x

z

x x

x x x x x x x x x

y x

y x p

y x p p p





m m m   

Possible CPD models:



Validation NLL allows to rank different probabilistic models
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discLogMix

ZIP        
Pois



Take home messages

• A probabilistic model predicts for each input a whole outcome CPD

• Use the NLL for training, evaluating and comparing probabilistic models
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