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Inspired by some papers we discussed in the JC:
− Wilson, A. G., & Izmailov, P. (2020). Bayesian Deep Learning and a 

Probabilistic Perspective of Generalization.
− Gal, Y., Islam, R., & Ghahramani, Z. (2017). Deep Bayesian Active Learning 

with Image Data. 34th International Conference on Machine Learning, ICML 
2017

− Farquhar, S., Smith, L., & Gal, Y. (2020). Liberty or Depth: Deep Bayesian 
Neural Nets Do Not Need Complex Weight Posterior Approximations.

− Betancourt, M. (2017). A Conceptual Introduction to Hamiltonian Monte 
Carlo.
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Maximum likelihood (MaxLik)

෠𝜃𝑀𝐿 = 𝑎𝑟𝑔max
𝜃

ෑ

𝑖

𝑝(𝑦𝑖|𝑥𝑖 , 𝜃)

෠𝜃𝑀𝐿 = 𝑎𝑟𝑔min
𝜃

−෍

𝑖

log 𝑝(𝑦𝑖|𝑥𝑖 , 𝜃)

𝑝 𝑦 𝑥, 𝐷 = 𝑝(𝑦|𝑥, ෠𝜃𝑀𝐿)

NN

𝜇𝑥

𝜎𝑥

x:data

e.g. 𝑝 𝑦 𝑥, ෠𝜃𝑀𝐿 ~𝑁 𝜇(𝑥), 𝜎(𝑥)
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Maximum a-posteriori (MAP)

෠𝜃𝑀𝐴𝑃 = argmax
𝜃

ෑ

𝑖

𝑝 𝑦𝑖 𝑥𝑖 , 𝜃 𝑝(𝜃)

෠𝜃𝑀𝐴𝑃 =argmin
𝜃

−෍

𝑖

log 𝑝(𝑦𝑖|𝑥𝑖 , 𝜃 + log 𝑝(𝜃)

𝑝 𝑦 𝑥, 𝐷 = 𝑝(𝑦|𝑥, ෠𝜃𝑀𝐴𝑃)

MAP converges towards MLE if we have enough 

data



12.11.2020Hochschule Konstanz 4/27

L2 regularisation == gausian prior

𝑝 𝜃 ~𝑁 0, 𝜎2

𝑝 𝜃 =
1

2𝜋𝜎2
𝑒
−
𝜃2

2𝜎2

log 𝑝(𝜃) = −
1

2
log 2𝜋𝜎2 −

1

2𝜎2
𝜽𝟐

PyTorch implementation of l2 regularisation: 𝑠𝑤𝑒𝑖𝑔ℎ𝑡_𝑑𝑒𝑐𝑎𝑦𝜃

𝜕 log 𝑝 𝜃

𝜕𝜃
=

𝜃

𝜎2

⇒ 𝑠𝑤𝑒𝑖𝑔ℎ𝑡_𝑑𝑒𝑐𝑎𝑦 =
1

𝜎2
or 𝑠𝑤𝑒𝑖𝑔ℎ𝑡_𝑑𝑒𝑐𝑎𝑦 =

1

𝜎2 #𝑏𝑎𝑡𝑐ℎ

Sidebar:
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Aleatoric vs epistemic uncertainty

Aleatoric uncertainty. Aleatoric + epistemic uncertainty. 
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Baysian neural networks (BNNs)

Baysian model averaging (BMA)

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃

𝑝 𝜃|𝐷 =
𝑝 𝐷|𝜃 𝑝(𝜃)

׬ 𝑝 𝐷|𝜃 𝑝 𝜃 𝑑𝜃

Posterior predictive distribution
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Monte Carlo integration

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃

= 𝔼𝑝(𝜃|𝐷)𝑝 𝑦|𝑥, 𝜃

𝔼𝑝(𝜃|𝐷)𝑝 𝑦|𝑥, 𝜃 ≈
1

𝑁
෍

𝜃𝑖~𝑝(𝜃|𝐷)

𝑁

𝑝(𝑦|𝑥, 𝜃𝑖)
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BNNs properties

- Improved performance

- BNNs can capture epistemic uncertainty

Prediction performance of ML vs BNNs. The plot 
visualizes the NLL of a linear model in a regression 
task.
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Sampling approaches 

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃 ≈
1

𝑁
෍

𝜃𝑖~𝑝(𝜃|𝐷)

𝑁

𝑝(𝑦|𝑥, 𝜃𝑖)

𝜽𝒊~𝒑(𝜽|𝑫)
• Approximate p 𝜃|𝐷 with samples.

• MCMC Sampling Methods:
• Gibbs

• HMC (works in high dimensional space)

• Metropolis Hastings 

• RWM

• ...

• Does not require to compute ׬𝑝 𝐷|𝜃 𝑝 𝜃 𝑑𝜃

• Exact given enough computational time

• Does not work with large parameters
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Markov chain Monte Carlo (MCMC) 

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃 ≈
1

𝑁
෍

𝜃𝑖~𝑝(𝜃|𝐷)

𝑁

𝑝(𝑦|𝑥, 𝜃𝑖)

𝜽𝒊~𝒑(𝜽|𝑫)

• Markov chain: History doesn‘t matter

• Metropolis Algorithm

1. Start with an initial state 𝜃𝑠
2. Choose a random proposal 𝜃𝑝 (e.g 𝜃𝑝~𝑁(𝜃𝑠, 1)) 

3. Move to new proposeal with probability 𝑚𝑖𝑛 1,
𝑝(𝐷|𝜃𝑝)𝑝(𝜃𝑝)

𝑝(𝐷|𝜃𝑠)𝑝 𝜃𝑠

4. Report 𝜃

5. Repeat step 2-4 until markov chain converge
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Variational inference

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃 ≈ න𝑝 𝑦 𝑥, 𝜃 ⋅ q𝜆 𝜃 𝑑𝜃

𝒑 𝜽|𝑫 ≈ 𝒒𝝀 𝜽

• Aim: approximate a complicated posterior 𝑝 𝜃|𝐷
with a simpler one q𝜆 𝜃 .

• 𝜆 defines the variational parameter

• Sampling from variational distribution is then 

straight forward

• Challenge: Tune 𝜆 until variational distribution is as 

close as possible to the real posterior distribution
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Variational inference

𝑝 𝜃|𝐷 ≈ q𝜆 𝜃

• Replace weights with a variational distribution

• E.g. Every weight is Gausian ➔ q𝜆 𝜃 = 𝑁(𝝁, 𝝈)

• 𝜆 = 𝝁, 𝝈
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Variational inference optimization 

Minimize reverse KL-divergence

𝐾𝐿[𝑞𝜆(𝜃)| 𝑝 𝜃 𝐷 = 𝑞𝜆(𝜃)׬ log
𝑞𝜆(𝜃)

𝑝 𝜃 𝐷
𝑑𝜃

𝜆∗ = argmin{𝐾𝐿[𝑞𝜆(𝜃)| 𝑝 𝜃 − 𝔼𝜃~𝑞𝜆[log 𝑝(𝐷|𝜃)]}

KL Averaged NLL

• Solve 𝜆∗ with SGD

• Approximate 𝐸𝜃~𝑞𝜆[log 𝑝(𝐷|𝜃)] with a single sample each SGD step

https://www.youtube.com/watch?v=MC_5Ne3Dj6g

https://www.youtube.com/watch?v=MC_5Ne3Dj6g
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Reparameterization trick 
(2013, Kingma and Welling)

How to propagate the gradient through 

sampling?

𝑁 𝜇𝑎 , 𝜎𝑎 = 𝜇𝑎 + 𝜎𝑎 ⋅ 𝜖,
𝜖~𝑁(0,1)
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Difference between forward and 

backward KL

Blue lines represents the bimodal distribution and the red contours represents the approximated single Gaussian 
distribution. The left figure shows the result from the forward KL and the other two visualizes the results from the 
backward KL-divergence. Figure is taken from Bishop (2006).
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MC-Dropout 
(Gal et al., 2016)

Use Dropout during training and inference

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃

≈ න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑞𝜗
∗ 𝜃 𝑑𝜃

≈
1

𝑇
෍

𝑡=1

𝑇

𝑝 𝑦 𝑥, ෡𝜃𝑡
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DeepEnsembles 
(Lakshminarayanan et al., 2017)

Kaggle wisdom: several models are better

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃 ≈
1

𝑀
෍

𝑖=1

𝑀

𝑝 𝑦 𝑥, 𝜃𝑖

• Initialize 𝑀 models independently

• Train each model independent

• Training with adversarial examples (not necessary)
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SWAG
(Maddox et al., 2019)

Extension of Stochastic Weight Averaging (SWA) (Izmailov et al., 2018)

Use Gaussian distribution for weights 

Algorithm:

• Pretrain model 

• Retrain model and compute statistics after each epoch:

• SWA ➔ compute 𝜃𝑆𝑊𝐴

• SWAG ➔ compute ҧ𝜃, 𝛴𝑑𝑖𝑎𝑔 or ҧ𝜃, 𝛴𝑙𝑜𝑤−𝑟𝑎𝑛𝑘

𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃 ≈
1

𝑀
෍

𝑖=1

𝑀

𝑝 𝑦 𝑥, 𝜃𝑖 , 𝜃𝑖~𝑁( ҧ𝜃, 𝛴)

MultiSWAG: Combine SWAG with DeepEnsembles (Wilson et al., (2020))
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SWA argue that they generalize better 

Property of SWA ➔ SWAG

Cross entropy loss of train and test loss. Figure taken from Izmailov et al., (2018) 
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• Use a regularisation as a prior

• Assumes that SGD steps evoke the posterior distribution!?

• Discusse in one of the upcoming journal clubs

Is SWAG Bayesian?
(Maddox et al., 2019)
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𝑝 𝑦 𝑥, 𝐷 = න𝑝 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃 ≈
1

𝑀
෍

𝑖=1

𝑀

𝑝 𝑦 𝑥, 𝜃𝑖

In Regression:

• Variance 
1

𝑀
σ𝑖=1
𝑀 𝑝 𝑦 𝑥, 𝜃𝑖

2 −
1

𝑀
σ𝑖=1
𝑀 𝑝 𝑦 𝑥, 𝜃𝑖

2

• Quantiles

In Classification:

• Entropy H = −σ𝑐σ𝑖 𝑝 𝑦 𝑥, 𝜃𝑖 logσ𝑖 𝑝 𝑦 𝑥, 𝜃𝑖

• BALD I y, 𝜃 𝑥, 𝐷 = H y x, D − 𝔼𝜃~𝑝 𝜃 𝐷 H y, x, 𝜃 (Houlsby et al., 2011)

Evaluate the uncertainty BNNs
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Regression SWAG vs Mc-Dropout
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Regression 

• MultiSWAG.

• Current research question: Which BNNs provide 
useful in-between uncertainty? (Farquhar et al. 2020)
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MNIST Classification 

AL performance of McDropout with BALD acquisition function
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Summarize 

• BMA is the core of BNNs 𝑝 𝑦 𝑥, 𝐷 = 𝑝׬ 𝑦 𝑥, 𝜃 ⋅ 𝑝 𝜃|𝐷 𝑑𝜃

• Model diversity is more important than modelling exact posteriors (Wilson et 

al., 2020)

• VI stuck in one mode?! (Wilson et al., 2020) (Stefan MA)

• SWAG performance depends heavily on hyper-parameters

• SWAG does not model epistemic uncertainty well
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For your attention

Thanks

Most of the figures are taken from the Book „Duerr, Oliver, Sick, Beate, 

Murina, Elvis. Probabilistic Deep Learning: With Python, Keras and 

TensorFlow Probability. Manning Publications 2020”.


