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(a) Exact (b) Deep Ensembles (¢) Variational Inference Figure from *1
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*1: Wilson, A. G., & Izmailov, P. (2020). Bayesian Deep Learning and a Probabilistic Perspective of Generalization.

: van Amersfoort, J., Smith, L., Jesson, A., Key, O., & Gal, Y. (2021). Improving Deterministic Uncertainty Estimation in Deep Learning for Classification and Regression



predictive probability, 1,

Motivation

Its all about correlations
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*1. C. E. Rasmussen & C. K. I.
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Williams, Gaussian Processes for Machine Learning, the MIT Press, 2006
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Number of Tools on Islands

» Total number of tools T; of island i
« Simple Model

— T; ~ Poisson(A;)

- A= aPiﬁ

— P islog population

Neglects Spatial Autocorrelation / Neighboring Islands do trade

1000 mi
2000 km @
Hawaii
Y;
aé Chuuk
i
. Trobriand Island s
Uy Santa Cruz Is!
sy @ Tikopia
alekula~ Lau Fiji
%«m&a
Australia
Hochschule Konstanz 14.06.2021 3

Images and example from: McElreath, R. (2018). Statistical rethinking: A Bayesian course with examples in R and Stan. Chapman and Hall/CRC.



Islands — Taking the spatial correlation into account

Number of Tools on Islands
« Total number of tools T; of island i

« Simple Model
— T; ~ Poisson(4;)
- Ai = C(Plﬁ

— P islog population

Distances in thousands km
ML Ti SC Ya Fi Tr

Malekula 0.0 0.5 0.6 4.4 1.2 2.0 3.2
Tikopia 0.5 0.0 0.3 4.2 1.2 2.0 2.9 2.
Santa Cruz 0.6 0.3 0.0 3.9 1.6 1.7 2.6 2.
Yap 4.4 4.2 3.9 0.6 5.4 2.5 1.6
Lau Fiji 1.2 1.2 1.6 5.4 0.0 3.2 4.0 3.
Trobriand 2.0 2.0 1.7 2.5 3.2 0.0 1.8
Chuuk 3.2 2.92.61.6 4.0 1.8 0.0 1.
Manus 2.82.72.41.6 3.90.81.2
Tonga 1.9 2.0 2.3 6.10.83.94.84.
Hawaii 5.75.35.47.24.96.75.86.
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Images and example from: McElreath, R. (2018). Statistical rethinking: A Bayesian course with examples in R and Stan. Chapman and Hall/CRC.



Islands — Taking the spatial correlation into account

First Model i = 1,2, ..., 10 for the 10 islands
* T; ~ Poisson(4;)
e A= aPiﬁ

Taking
+ A = exp(f;) aPf

f; works like a correction

e fi=0 exp(0) =1 as expected
« fi=-05 exp(-0.5)=0.6 60% of expected
 f; =025  exp(-0.25)=1.3 130% of expected

Neighboring islands should have similar values of f

How to model that ???

Hochschule Konstanz 14.06.2021 5



Definition of Gaussian Process (GP)

» Gaussian Process (GP) is a stochastic process (Collection of random
variables)

« A GPis adistribution over functions of f(x) if for any finite selection of
points** x4, x,, ..., x5 the pdf p(f(x1), f(x3), ..., f(xy)) is a multivariate
Gaussian.*

1.5 [ ]
« MVGaussian are defined via - . . M.
mean and covariance matrix of f ZZ
f~NQu2) . -
-1.5
-2.0
' o
*_15 ®_-10 -05 0.0 0.5 1.0
X
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*Definition of MacKay (notation adapted) **Of course x,can be high dimensional data x; € R¢



Interpretation of / as a collection of random

Hochschule Konstanz

Figures from:

Covariance matrix

EEEEN

f(x) =7

' [ ] u = k(m,»)

- [ ]

! ]

! - 10x10

EEEEN
We are interested in predicting the The covariance matrix is
function values for 10 different created by pairwise evaluation
x values from [ ,m] without of the kernel function resulting
knowing about training points. in a 10-dimensional distribution.

14.06.2021

https://distill.pub/2019/visual-exploration-gaussian-processes/

variables

EEEER

Sampling from this distribution
results in a 10-dimensional vector
where each entry represents

one function value.



Definition of Gaussian Process (GP)

Use the GP to determine the parameters u, ¥ of the Multivariate Normal
distribution N (u, )
GP thus defined by 2 functions

— m(x) the mean function produces the mean for every finite subset

—  k(x, x,) the Kernel function produces the covariance matrix for every finite subset
New datapoint =» increase dimension of Multivariate Normal distribution

— = We need a function to create parameters

f(x,) ~ GP(m(x), k(x, x,)) f~N(0,[K(X,X)])
(/; . kv(\ ) k(xq,%1) -+ k(xp, x1)
m(x X, X, _ X . :
usually zI:ro Kernel KX, X) = : : :
(We can add k(xl, xn) e k(xn, xn)

such offsets)

Hochschule Konstanz 14.06.2021 8



Samples from prior

Prior p(f|X)

With rbf-kernel 0
-1
-2
-3
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GP prior.
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Kernel/ covariance function

e Linear kernel k(x, x*) — (X, x*> RBF  Periodic @ Linear

« Polynomial kernel k(x, x,) = (x, x,)?

 Radial basis function kernel //
(_le—x*llz)
k(x,x,) = O'fz e 212
@ RBF | Periodic ' Linear ;3/-"\.
| eSS
global trend

14.06.2021 10

Figures from: https://distill.pub/2019/visual-exploration-gaussian-processes/



Effect of kernel parameters

1
k(x,x,) = o?exp| — 5 (x —x,)TL(x — x,)

GP prior. L=0.2, 0=1.0

-20 -15 -1.0 -05 0.0
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GP prior. L=0.02, 0=1.0
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Conditioning and Marginalization

-l )
MARGINALIZATION (Y) f. "|Kix, Kx.x, CONDITIONING (X = 1.02)

f~N(0, Kyx) fulxw, X, f~N(f., cov(f))

pyix = 0.98

pY =0

oy=4.2 oY|x=4.2

A bivariate normal distribution in the center. On the left you can see the result of marginalizing this distribution for Y, akin
to integrating along the X axis. On the right you can see the distribution conditioned on a given X, which is similar to a cut
through the original distribution. The Gaussian distribution and the conditioned variable can be changed by dragging the

handles.

Hochschule Konstanz 14.06.2021 12

Figure from: https://distill. pub/2019/visual-exploration-gaussian-processes/



Posterior samples/ Conditioning

GP posterior.

3
K K i
XX XX,
PUSIN (O' [K;X* KX*X*D 1 \
0

_ p(fuf)
p(flf) = Y

p(f.|x., X, f)~N(f., cov(£.))

con 0/'"."'""7 -3

Hochschule Konstanz

14.06.2021
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(]
Algorithms

«  MCMC (Neal 1997; Christensen et al. 2006)

« variational (Girolami and Rogers 2006; Opper and Archambeau
2009)

» expectation propagation (Kuss and Rasmussen 2005; Nickisch
and Rasmussen 2008) '

» Gaussian approximation (Rasmussen 2006)

* Analytic

Hochschule Konstanz 14.06.2021 14




Full Bayes

Define prior:
 p~InvGamma(3,1)
* 0,~N(0,1)
Define GP

* f~multivariate normal (O,K (x|af,p)) model {

Use MCMC to solve GP

data {
int<lower=1> N;
real x[N];
vector [N] £;

}

transformed data {

vector [N] mu = rep vector (0, N);

}
parameters {
real<lower=0> rho;

real<lower=0> sigma f;

}

matrix [N, N] L K;

Hochschule Konstanz

matrix [N, N] K = cov_exp quad(x, sigma f, rho);

L K = cholesky_decompose (K) ; & 0(”?)

rho ~ inv _gamma (3, 1);
sigma f ~ std normal ()
f ~ multi normal cholesky(mu, L K);

14.06.2021 15



Use MCMC to solve GP with (noisy) observations

data {
int<lower=1> N;
real x[N];
vector [N] y;

}

transformed data {
real delta = le-9;

Deflne prlor: ;arameters {

real<lower=0> rho;
real<lower=0> sigma_f;

p~InvGamma(3,1) S
O-f~N(O’1) : vector [N] eta;

model {

O'nNN(O,O.l) vector [N] £;
{
matrix[N, N] L K;

Deflne GP matrix [N, N] K = cov_exp quad(x, sigma f, rho);
] ] for (n in 1:N) // diagonal elements
f ~multivariate normal (O,K(x|af,p)) K[n, n] = K[n, n] + delta;
L K = cholesky_ decompose (K) ;

f =LK * eta;

Define likelihood )

rho ~ inv_gamma (3, 1)

. sigma f ~ std normal ()
leN(ﬁ’ O-n)VL € {1’ e N}* sigma_n ~ normal (0, O.()l) g
eta ~_std normal () ;
y ~ normaI(f, sigma n);
t
Hochschule Konstanz 14.06.2021 16

*We can also marginalize out f to include the noise in the multivariate Gaussian directly (replace K(X,X) = K(X,X) + a21)



data {

Inference with MCMC p(f.|x.. X, f)

real x1[N1]; P(f* |X*,X, }/)
vector[N1] y1;

int<lower=1> N2; 15 - M
real x2[N2]; ' +o
}
transformed data { 1.0 data
real delta = 1le-9;
int<lower=1> N = N1 + N2; 0.5
real x[N];
. 0.0
transformed parameters {
- 3 -0.5
L K = cholesky decompose (K); & O(ﬁ/" 1o
f =LK * eta; o
. -1.5
model {
rho ~ inv_gamma (3, 1); -2.0
sigma f ~ std normal();
sigma n ~ normal (0,0.1); =2.5
eta ~ std normal(); -3 —2 -1 0 1 2 3
yl ~ normal (£[1:N1], sigma n);
} C T
omplexity:
generated quantities { & @(/VZ) P Y
vector[N2] y2; - Create Samples: O(#S - N13)
for (n2 in 1:N2)
y2[n2] = normal rng(f[N1l + n2], sigma n); - Prediction: 0(#5 . NZ)*
} 14.06.2021 17

*new point -> need to create new samples max(O(#S -N2),0(#S - N13))



Islands — Advantage of MCMC

data {
. int<lower=1> N; T; ~ Poisson(\;)
Can model: e
. . . . vector [N] P;} Ai C‘\:P“k\i“ IETY i ‘“l):
* Prior-distributions et et = ] £ ~ MVNormal((0,...,0),K)
parameters { = ) N
On hyper- real<lower=0> rho; I\ " eXp P [);vr' ' “:'i()-()l J
real<lower=0> sigma_f; ' Ex tial (1
rea ower= a a; ( 2 Xponentaili 1)
parameters i .-
. vosteE M ctagl } ~ Exponential (1
d Any k|nd Of model { n* ~ Exponential(2)
. . vector[N] lambda; { )
||kel|h00d matrix [N, N] L K; p° ~ Exponential(0.5)
f . for (i in 1:(N - 1)) {
UnCtIOH K[i, 1] = 1 + delta;
for (j in (1 + 1):N) {
'Qwh?[ ~— —> K[i, j] = sigma f * exp(-square(rho*D[i,j));
K[j, 11 = K[i, J1;1}}

K[N, N] = 1 + delta;
= f = cholesky decompose (K) * eta;
my; (/n;é ——) lambda = exp (f)*alpha*pow (P, beta)

}
alpha ~ exponential (1) ; .
beta ~ exponential (1); P”'QIS

rho ~ exponential (0.5);
sigma f ~ exponential (2);

[7'(’A'l{aa>/ =—) T ~ poisson(lambda) ;
}

Hochschule Konstanz

Images and example from: McElreath, R. (2018). Statistical rethinking: A Bayesian course with examples in R and Stan. Chapman and Hall/CRC.



GP with non-Gaussian likelihood

No prior-distribution for hyper-parameters

1. Compute a posterior predictive dist (with the approximated

posterior) oo /é ol Lo

-
n(flx, X, y) = f (il X,3, ) - p(f1X, ) df

& o)
if all Gaussian = N (KX* xKxx fr Kx.x. — Kx,xKxx KXX*)

2. (Marginalize out f, to produce a probabilistic prediction)

pPVulx, X, y) = J inv_link(f)p(f.|x., X, y)df.

Hochschule Konstanz 14.06.2021 19



Variational Gaussian Process

Compared to MCMC we “move” the data into a variational
distribution q(f)~N(u, X)
— We don’t have to create new samples for new predictions

U

Algo: Pl Xy) = [ pCFbra X0 - a()df

— Replace p(f|X,y) = q(f)~N(u, %)
- Variational parameters e.g., {1, %, p, o5 }
— Minimize KL[q(N|lp(f1X, )]
+ Maximize ELBO* [log(p(y|f))a(f)df — KL[q(NIIp(f)]

A/ 51-"9((-0/1'”/15;0/'51[ fn/zjfo/-én ana[j //'C
2L ped(E) &_/‘9 X 1E,p.0;

Hochschule Konstanz 14.06.2021 20

*Evidence Lower Bound (ELBO)



Spares variational Gaussian Process (SVGP)

Reduce K,y inversion complexity O(N) to O(N,,)
Add inducing points u and define var dist q(f,,)~N (i, Z)
K K
p(fIf)a(f) = a(f, f)~N (o, [KXX o D
XyX XyuXy
Maximize ELBO

| 1086 19)) | (s, £ df = KLlaGlp(E]
\_/"!/‘—//

/o(f)
Prediction p Kex  Kx, Ko
p(ﬁklx*' X' y) — fp(ﬁklx*rXr fu) ) Q(fu)dfu ]]El ~N1 0, K;Xu KXuXu KXuX*

T T
KXX* KXuX* I(X,kX,k
Hochschule Konstanz 14.06.2021 21

SVGP was first introduced by: Titsias, M. (2009). Variational Learning of Inducing Variables in Sparse Gaussian Processes. Atrtificial Intelligence and Statistics
Extended by: Hensman et al., 2013/ 2015

|



Spares variational Gaussian Process

Predictions before training

Training points
— Mean of predictive posterio
1 Inducing locations

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Predictions after training

#
&

Training points
=~ Mean of predictive posterior
1+ Inducing locations

0.75

-0.25

-0.50

-0.75

-1.00

Figure from: Sparse and Variational Gaussian Process (SVGP)—What To Do When Data is Large | by Wei Yi | Towards Data Science. (0. J.). Abgerufen 9. Juni 2021, von https://towardsdatascience.com/sparse-and-variational-

gaussian-process-what-to-do-when-data-is-large-2d3959f430e7

(SVGP)

/nc/&éii'j ror

14.06.2021 22



MF KLSP

GFITC

Spares variational Gaussian Process (SVGP)

M=4 M=8 M=16 M=32 M=64 Full
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Figure from Figure from *?
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*1 Hensman, J., Matthews, A., & Ghahramani, Z. (2015). Scalable Variational Gaussian Process Classification. Artificial Intelligence and Statistics, 351-360. http://proceedings.mir.press/v38/hensman15.html
*2: yan Amersfoort, J., Smith, L., Jesson, A., Key, O., & Gal, Y. (2021). Improving Deterministic Uncertainty Estimation in Deep Learning for Classification and Regression. http://arxiv.org/abs/2102.11409



GPC (Gaussian / Laplace approximation)

No prior-distribution for hyper-parameters

p(flx., X,y) = jp(f*lx*,X,f) q(f1x,ndf,  q(fIX,)~N(fIf,A™)w

g(f|X,y) = N(f|f, A1) o exp (= L(F—£)TA(f - 1)),

where f = argmax, p(f|X,y) and A = —VV log p(f| X, Y)|¢_z is the Hessian of
—)

/= — —~
\ [aﬂo/c,c( af/jfex ( Seound e /c:y /ﬂf‘)

Hochschule Konstanz 14.06.2021 24

C. E. Rasmussen & C. K. I. Williams, Gaussian Processes for Machine Learning, the MIT Press, 2006



Gaussian Process analytic

No prior distributions

All distributions are Gaussian

=m0 &)

Conditioning
(Ll X, )~N (foocov(£)),  y~N(f(x),0,)

f. 2 Elfilx., X, y] = KX, )[K(X, X) + 021]" 1y

cov(£.) = K(X., X.) — K (K., \)[K(X, X) + 62117 K (X, X.)

Hochschule Konstanz 14.06.2021
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Kernel parameters estimation

‘ 1
k(xp,%g) = opexp (- 5 (Xp — xq) M (%, —%g)) + 070pq,

Optimize 6 with marginal likelihood, 8 = {p, afz,a,%,M}

o [pO|f, X, 0)p(f|X,0)df el
& y, 2
V ;
1 - g10
log p(y|X,0) = —§yTI& -5 10g|Ky| log or ¢

Figure from: C. E. Rasmussen & C. K. |. Williams, Gaussian Processes for Machine Learning, the MIT Press, 2006
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GP Model
Likelihood
Prior mean

Kernel/ Prior
covariance

MultivariateNormal
Distribution
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GPR with GPytorch

claoss ExactGPModel( . . ):

def __init_ (self, train_x, train_y, likelihood):

super( , self).__init_ (train_x, train_y, likelihood)
self. = .ZeroMean()
self.covar = .ScaleKernel(

def forward(self, x):
= self.mean_module(x)

= self.covar_module(x)

return .MultivariateNormal( ,
= . .GaussianLikelihood()
= ExactGPModel( , , )

14.06.2021

.RBFKernel())
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4.6.5.3 Empirical priors

In Sec. 4.6.5.2, we discussed hierarchical Bayes as a way to infer parameters from data. Unfortunately,
posterior inference in such models can be computationally challenging. In this section, we discuss
a computationally convenient approximation, in which we first compute a point estimate of the
hyperparameters, (,b and then compute the conditional posterior, p(9|q§ D), rather than the joint
posterior, p(0, ¢|D).

To estimate the hyper-parameters, we can maximize the marginal likelihood:

-~

b (P) = argma p(D) = argma / p(D6)p(6]$)d6 (4.197)

This technique is known as type II maximum likelihood, since we are optimizing the hyperparam-
eters, rather than the parameters. Once we have estimated (;5 we compute the posterior p(9|¢ D) in
the usual way.

Since we are estimating the prior parameters from data, this approach is empirical Bayes (EB)
[ |. This violates the principle that the prior should be chosen independently of the data.
However, we can view it as a computationally cheap approximation to inference in the full hierarchical
Bayesian model, just as we viewed MAP estimation as an approximation to inference in the one level
model @ — D. In fact, we can construct a hierarchy in which the more integrals one performs, the

“more Bayesian” one becomes, as shown below.

Method Definition
Maximum likelihood 0 = argmaxg, p(D|0)
_ &P MAP estimation @ = argmaxg p(D|0)p(0|d)
—_— ML-II (Empirical Bayes) ¢ = argmaxy [ p(D|0)p(8|¢p)do
MAP-II ¢ = argmaxg [ p(D|0)p(0]¢)p(d)d6

Full Bayes p(0.¢|D) x p(D|8)p(8|¢p)p(¢)

31



