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Overview

• Tishby‘s hypothesis

• Other applications 

• Background on 5 slides

• Algorithms

• Flourish
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Tishby’s hypothesis
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Naftali Tishby‘s information bottleneck for
neural networks
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Remember from compression:
Compression means minimizing MI(X,T) .

Tishby’s hypothesis:
“A neural network learns by compressing the input 
optimally under the constraint given by the 
Loss(෡Y, Y).”



The information bottleneck with MNIST
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Compression appears!



Applications
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Measuring correlation
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Pearson correlation coefficient measures linear relationships 
between X and Y. But fails with slope and non-linear 
relationships.

Bitcoin X and S&P500 Y is highly correlated.

Mutual Information measures non-linear correlation.



Measuring compression rate

• Compression is a tradeoff of 
quality and needed bits.

• We usually want a code that is 
maximum independent of the 
input.

• Mutual information measures 
non-linear relationships (shared 
information).

• Mutual information between 
input and compressed code must 
be as small as possible. 
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Original                       JPEG                  JPEG2000

The Input should not be predictable given the code.



Measuring information gain

• The expected value of information gain is the mutual information
𝐸𝑎~𝐴[𝐼𝐺 𝑋, 𝑎) = 𝐼(𝑋, 𝐴)

• Information gain 
𝐼𝐺 𝑋, 𝑎 = 𝐻 𝑋 − 𝐻[𝑋|𝑎]
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a1

a2

When we want to maximize IG:

Should we choose a2 or a1? 



Criterion in decision trees

• Decision trees typically optimize mutual information criterion.

• Measuring mutual information of low dimensional categorial 
variables is easy.

10

Measuring I(X,Y) of continuous high dimensional variables is difficult.



Measuring uncertainty
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Bayesian Active Learning by Disagreement (BALD). 

6 slides to go..



Background
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Entropy
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argmax
𝑝

𝐻 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑝 = 0.5 ⇒ 𝐻 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 0.5 = 1 𝑏𝑖𝑡



Entropy
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𝐻 𝑋 = 𝐻 𝑝 𝑥 = 𝐸𝑥~𝑋[− log 𝑝(𝑥)]

- Entropy of a variable X depends on p(x)

- Maximum entropy distribution for continuous variables on [-inf, +inf] with fixed 
variance is Gaussian

- Maximum entropy distribution for discrete variables is uniform

- Entropy is measured in bits or nats

The better the model fits, the lower the entropy under that model.



Entropy increases with dimension
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Entropy of a Gaussian variable with increasing dimension (left) and a two-dimensional Bernoulli variable (right).



Properties of KL divergence/relative entropy

• The KL-divergence represents the number of extra bits needed when using Q instead of
P.

𝐾𝐿 𝑃| 𝑄 = CE P, 𝑄 − 𝐻 𝑃

• Non-negative

• Dimensionally consistent i.e. invariant under parameter transformations.

• Classical loss for optimizing classifier 𝑓𝜃 𝑥 :

ො𝑦 = log 𝑠𝑜𝑓𝑡𝑚𝑎𝑥(
𝑒𝑓𝜃 𝑥𝑖

σ𝑗 𝑒
𝑓𝜃 𝑥𝑗

)

𝐶𝐸 𝑝(𝑦), 𝑝(𝑦 ) = ෍

𝑦𝑗

𝑦 log ො𝑦𝑗

𝐾𝐿[𝑝(𝑦)|𝑝( ො𝑦)] ∝ 𝐶𝐸[𝑝(𝑦), 𝑝( ො𝑦)]
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Mutual Information
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I(X,Y) = H[X] - H[X|Y]
= H[Y] - H[Y|X]
= H[X] + H[Y] – H[X,Y]

Entropies and Conditional Entropies.

I(X,Y) = KL[p(x,y)|p(x)p(y)]

KL divergence between joint and marginal.

Venn-diagramm for Mutual Information I(X,Y).



Algorithms
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Measuring uncertainty with BALD
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I(X,Y) = H[X] - H[X|Y]
= H[Y] - H[Y|X]

BALD Idea: Propose example x that greedily maximizes the decrease in posterior entropy:

𝐼 𝜃, 𝑌|𝑥 = 𝐻 𝜃 − 𝐻 𝜃 𝑌, 𝑥

argmax
𝑥

𝐻 𝜃 − 𝐻 𝜃 𝑌 = 𝐻 𝜃 − 𝐸𝑦~𝑝 𝑦|𝑥 𝐻 𝜃 𝑦, 𝑥

argmax
𝑥

𝐻 𝑝(𝑦|𝑥) − 𝐸𝜃~𝑞 𝜃 𝐻 𝑝(𝑦|𝑥, 𝜃)

Estimating entropy H[Y|X] is easy as we do know that p(y|x) is multinomial.  



Levels of concern
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• Maximizing mutual information I(𝑋|𝑓𝜃(𝑥))

• Estimating entropy H[X] = E[−log 𝑝𝜃(𝑥)]

• Minimizing mutual information I(X, 𝑌)

• Estimating joint entropy H[A,…,Z]

• Estimating I(X,Y)

• Maximizing KL-divergence 𝐾𝐿(𝑝𝜃(𝑦)|𝑝𝜃(𝑥))

• Minimizing KL-divergence 𝐾𝐿(𝑝(𝑦)|𝑝(𝑓𝜃(𝑥)))

• Autoencoder                                                

• Density estimation

• Decorrelation

• Absolute measuring

• Absolute measuring

• Contrastive learning

• Regression and classification



Estimation Dual KL-Divergence

22

• Donsker-Varadhan representation of KL (e.g. contrastive learning):
𝐷𝑢𝑎𝑙 𝐾𝐿 𝑃 𝑄 > sup

𝑇
𝐸𝑃 𝑇 − log(𝐸𝑄 𝑒𝑇 )

• Maximizing (lower bound) mutual information (neural estimation):
𝐷𝑢𝑎𝑙 𝐾𝐿 𝑋 𝑌 ≥ sup

𝑓𝜃

𝐸𝑥~𝑋 𝑓𝜃(𝑥) − log(𝐸𝑦~𝑌 𝑒𝑓𝜃(𝑦) )

𝐼𝑛𝑒𝑢𝑟𝑎𝑙 𝑋, 𝑌 ≥ sup𝐸𝑥+~(𝑋,𝑌∗) 𝑓𝜃 − log(𝐸𝑥−~(𝑋,𝑌) 𝑒
𝑓𝜃 )

• Auxilary dataset D− = (𝑋, 𝑌∗) by sampling 𝑦∗ without replacement.



Negentropy over epochs
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